The cluster property is proved for a parafermi field of arbitrary order p on the 'basis of the locality condition which should be satisfied by observables in general. Further, the relation between this field and a fermi field with a hidden variable which takes on p different values is investigated. It is found that the two kinds of field theories are equivalent in different degrees depending on what properties we require of observables. § I. Introduction It has often been conjectured in the literature 1 > that those particles which obey parastatistics of order p>2, or paraparticles*> would not possess the cluster property as far as indistinguishability is required of identical particles. By the cluster property the following is usually implied: When a total system !/ is divided into two subsystems Yr and Yn in such a way that Yr and Yu are spatially far apart to a sufficient degree, the dynamical behaviour of 5";: can be discussed without reference to that of Yu, so that the presence of Yrr can effectively be ignored. As is well known, this is the case with ordinary bosons and fermions. It is not obvious, however, whether the same property is shared by paraparticles as well, since the field operators which describe such particles do not simply commute or anticommute for spacelike separations. On the other hand, most of the arguments found in the literature/> which claim that paraparticles do not have this property, implicitly introduce strong further assumptions, their conclusions being considerably dependent on them and therefore not very convincing.**> One *> Throughout the present paper we shall use the terminology such as parastatistics, paraparticles, etc., only for the cases p:2::.2 in order to distinguish them from the case p=1 which corresponds to ordinary bose· or fermi statistics. Most of the definitions and notations are the same as those introduced in our previous papersP **> On the basis of the assumptions ; i) any species of identical particles have the cluster property and ii) an arbitrary subsystem of them belongs to one and only one kind of the irreducible representation spaces of the symmetric group of particle permutations, Liidersll has concluded that identical particles must obey either ordinary bose or fermi statistics and nothing else. However, as was pointed out by himself, the necessity of the assumption ii) is not very clear, and furthermore it is not valid for those particles which result from second quantization of parafields. Thus we may say that in his argument the possibility of parastatistics is excluded from the outset.
§ I. Introduction
It has often been conjectured in the literature 1 > that those particles which obey parastatistics of order p>2, or paraparticles*> would not possess the cluster property as far as indistinguishability is required of identical particles. By the cluster property the following is usually implied: When a total system !/ is divided into two subsystems Yr and Yn in such a way that Yr and Yu are spatially far apart to a sufficient degree, the dynamical behaviour of 5";: can be discussed without reference to that of Yu, so that the presence of Yrr can effectively be ignored. As is well known, this is the case with ordinary bosons and fermions. It is not obvious, however, whether the same property is shared by paraparticles as well, since the field operators which describe such particles do not simply commute or anticommute for spacelike separations. On the other hand, most of the arguments found in the literature/> which claim that paraparticles do not have this property, implicitly introduce strong further assumptions, their conclusions being considerably dependent on them and therefore not very convincing.**> One *> Throughout the present paper we shall use the terminology such as parastatistics, paraparticles, etc., only for the cases p:2::.2 in order to distinguish them from the case p=1 which corresponds to ordinary bose· or fermi statistics. Most of the definitions and notations are the same as those introduced in our previous papersP **> On the basis of the assumptions ; i) any species of identical particles have the cluster property and ii) an arbitrary subsystem of them belongs to one and only one kind of the irreducible representation spaces of the symmetric group of particle permutations, Liidersll has concluded that identical particles must obey either ordinary bose or fermi statistics and nothing else. However, as was pointed out by himself, the necessity of the assumption ii) is not very clear, and furthermore it is not valid for those particles which result from second quantization of parafields. Thus we may say that in his argument the possibility of parastatistics is excluded from the outset. of the purposes of the present paper is to reexamine this problem on the basis of the general framework of parafield theory which was developed in our previous papers. 2 l To this end we shall consider, for definiteness, the case of a single parafermi field ¢ (x) of order p. It is easy to see that the whole argument can be extended to the more general case in' which more than one field of various kinds coexist. Further, for simplicity we shall work within the non-relativistic field theory, since, as will be shown in the Appendix, the essential results obtained from this theory need not be modified in the relativistic case.
Of crucial importance in discussin~ the cluster property is what properties we attribute to observables in general. It is usual to require that any observable F(V 1) for the subsystem .9' 1 enclosed in a spatial domain Vr be a hermitian operator which is a functional of ¢(x) and its hermitian conjugate ¢t(x) (xE V1), and further that it is to satisfy the following locality condition :*l [F(V1), F' (Vn)] = 0 for Vr n Vn = 0 ,
where F' (Vn) is another observable defined similarly for the subsystem Yrr enclosed in a spatial domain Vn. However, for the reasons we have repeatedly emphasized m our previous papers, 2 l we base the following arguments on a stronger fonn of the locality condition:
[F(V 1),¢(x)]=0
for x~V 1 , (1·2) · where it should be noticed that the conditions (1·1) and (1· 2) are equivalent for the case of odd p. Under the latter condition it can then be shown 2 l that F(V1) must be in general a functional of [¢(x), ¢(y)], [¢(x), ¢t(y)J and [¢t(x), ¢f(y)] (x, y, E V1) .**l By using this property we shall prove the cluster property for a parafermi field of arbitrary order p. At this point the following remark should be made. When the cluster property comes into question, we should not, from the .outset, confine our attention to a system localized in a given, •finite spatial domain, but should start instead .from the largest possible system we can conceive of, large enough to enclose all particles that may exist in the entire universe. In the following the word "total system" will be reserved solely for. systems of the latter kind.
Another problem that is of interest in connection with observations of parafermi particles is to see whether and to what extent a system of a single parafermi field of order p (to be referred to as the PF-field) behaves in the same way as a system of a single fermi field with a hidden variable which takes on p different values (to be referred to as the F-field~. Although both fields allow completely symmetric states up to p particles, the relation between them is not very obvious. As an extreme case we .may consider the Fock space for one particle with its quantum numbers being all specified: The Fock space for the PF-field is one-dimensional, whereas that for the F-field is p-dimensional. The difference between the dimensions of the two spaces increases further according as the number of particles concerned increases. An interesting observation on this problem has recently been made by Driihl, Haag and Roberts. 8 l They have shown that if the observabl-es are restricted to functionals of [¢, ¢t] only, then the PF-and F-fields are equivalent. As already mentioned above, however, observables need not be restricted in this way: More general types of observables which may also contain [¢, ¢] and [¢t, ¢t] as arguments are allowed under the locality condition (1· 2). Moreover, it seems very u_nlikely that any further condition other than (1· 2), which restricts observables to functionals of [¢, ¢t] only, can be found within the general framework of quantum field theory: Such a restriction should be a condition independent of the general .requirements of parafields. For this reason we shall examine the relation between the PF-and F-fields on the basis of the locality condition (1· 2), and this constitutes another purpose of the present paper.
In discussing this problem we find it convenient to introduce three kinds of equivalence relations. Suppose that for a given state of the total system of the PF-field we can always construct a corresponding state for the total system of the F-field, which gives the same results for all possible observations, and vice versa. We shall call such a relation between the two fields strong equivalence. Suppose, on the other hand, that although for a g~ven state of the total system of the ~pp_field we can always construct a corresponding state for the total system of the F-field, the converse is not always true. Then we shall call this relation weak equivalence. In either case it is true that any state of the total system of the PF-field can be described in terms of the language of _the F-field. Which kind of equivalence relation holds true depends on what we adopt ~;ts observables. We shall see in the following that if all quantities that satisfy the locality condition (1· 2) are adopted as observables, then the relation of weak equivalence holds true, whereas if observables are further restricted to functionals of [¢, ¢t] only, then the relation turns to strong equivalence.
In this respect, however, it should be pointed out that states of the total system as defined above would be a practically meaningless conception, unless the universe as a whole could be the object of our quantum-mechanical observations. In practice, the domain that is susceptible of our observations is merely a subsystem, minute compared with great dimensions of the total system. What is of practical importance is therefore to compare results of observations for subsystems 9"1 of the PF-and F-fields. To this end we introduce the following terminology: The relation between the two fields is called local equivalence in the case such that for a· given result of observations of the subsystem 9"1 of the PF-field, we can always construct a corresponding subsystem 9"1 of the F-field which gives the same result for all observations in .9!, and vice versa. We shall see in the following that if all quantities that satisfy the locality condition (1· 2) are adopted as observables, then the relation of local equivalence holds true under a certain condition,*> whereas if observables are further restricted to functionals of [¢, ¢t] only, the above relation holds true in general. It is to be noted that any of the equivalence relations, once established at a certain time, remains true at any later times, since the Hamiltonian is taken to be common to both fields.
In order to dicsuss the above-mentione d problems we summarize, in § 2, some of the results obtained in our previous papers, 2 > and the problem of strong and weak equivalences is discussed in. connection with the pr_operties of observables.
In § 3 the cluster property is proved under the locality condition (1· 2), and the problem of local equivalence is examined. In § 4 a brief discussion is given of a theory in which only the condition (1·1) is satisfied. Possible applications ~f parafermi field theory to leptons and quarks are also considered. It is shown in the Appendix that our main conclusions are also valid in relativistic field . theories. § 2. General properties of observables and state vectors
As is well known, a parafermi field ¢(x) of order p can be expressed by means of the Green ansatz in the form:'> (2·1) where the Green-compon ent fields ¢<a> (a= 1, 2, · · ·, p) satisfy the following commutation relations:
and the vacuum state I 0) is d_efined by
It is to be noticed that the -field operator which has a direct physical meaning in parafermi field theory is ¢ (x) and that the green-compone nt fields ¢<a> (x) are merely auxiliary quantities which are introduced for mathematical purposes. Thus, it is always possible to dispense with the latter quantities, but we shall use them m what follows in order to simplify the arguments.
The relations (2 · 2) show that the ,system, with w)lich we are concerned here is essentially a set of p fermi fields which satisfy anomalous commutation relations. From this, however, one cannot hastily conclude that the parafermi statistics of order p is equivalent to the statistics obeyed by a set of p identical fermi fields: In fact, although the parafield operator ¢ (x) is given in (2 ·1) as a linear combination of the Green-component fields ¢<a) (x), it is not possible to conversely express any ¢<a) (x) in terms ·of ¢ (x). Consequently, the two ways of description cannot be transformed into each other by means of a simple change of variables. Stated differently, the n-particle Fock space 93 (n) for the fields cp<a) (x) (a= 1, 2, · · ·, p) spanned by state vectors such as cp<a,)t (x1) cp<a,)t (x2) • • • cp<anH (xn) I 0) includes, as a subspace, the corresponding space. Jl<n) for the parafield ¢(x) which is spanned by state vectors such as ¢t(x1)¢t(x2) ···¢t(xn) !0), so that the dimension of the space Jl<n) is always smaller than that of the space g)(n).
The above situation thus necessitates a more detailed study on the relationship between the field theory of ¢ (x) and that of the ¢<a) (x)'s. As preliminaries for such a study, let us briefly describe some of the basic properties of observables and state vectors in parafermi field theory. 2 l For this purpose it is convenient to make use of the Klein transformations Ka which convert the fields cp<a) (x) into another set of ordinary fermi fields ¢<a) (x) (a= 1,2, ···, p) satisfying normal commutation relations among themselves : 2 c) with Ka such that where Furthermore, the defining relations (2 · 5) show that the Ka's are not local operators. Thus we may expect in general that local expressions of ¢ (x) will contain nonlocality when rewritten in terms of ¢<al(x) by means of (2·4). However, we show in the following that such non-locality will not appear in the expressions for observables and state vectors in Jl<nl.
Any observables which satisfy the locality condition (1· 2) can be written as functional of [¢, ¢], [¢t, ¢t] and [¢, ¢t] , 2 a) which can in turn be expressed m terms. of q;<a> by means of (2·1), (2·4) and (2·5) as follows: Let us more closely examine the irreducible representation spaces of Jl<n> corresponding to the respective gauge groups. The decomposition theorem 2 a) states that any state vector in '-]/;<n> can be expressed as a superposition of the so-called standard state vectors:
where the curly bral!:kets mean the completely symmetrized product, and a, the statistical quantum number 2 > (which is restricted by a<p), is even (odd) for (2 ·11) where S._ denotes the symmetric group of order a!, and
is just a vector in the irreducible representation space (a)' of 0 (p)2cJ,*l which corresponds to the Young diagram consisting only of one column with a squares, so that any standard state vector. contained in JL<"l is given as a specific vector m an irreducible representation space (a)'. Such a vector of (a)' in JL<"l will be denoted in the following by
where fo is a quantum number to specify a particular vector in (a)'. It is also easy to see conversely that any vector in !]J<"J, which belongs to an irreducible representation space (a)' of 0 (p) and has the quantum number fo, is a vector in JL<"l.
On the other hand, (2 ·10) is not, in general, a vector in an irreducible representation space of U(p). Thus, in order to obtain superselection sectors for the case of the gauge group U(p), it is necessary to decompose (2·10) into vectors which belong to irreducible representation spaces of U (p). To. do this let us consider the irreducible representation space of U (p) in !J3<"l, corresponding to a Young diagram of n squares for which there are a odd-rows**l and the first column consists of not more than p squares. We can then prove 2 cJ that each of such irreducible representation spaces in !]J<"l shares one and only one vector with Jl<'~'l and therefore that (2 ·10) is expressible as a linear combination of this kind of vectors. In other words, in such a linear combination there appears once and only once a specific vector belonging to any irreducible representation space of U(p).
We can summarize the above results in the following way. For either case of the gauge groups, 0 (p) or U(p), we can write a state vector in Jl<"J, which *l The irreducible representations of U (p) and 0 (p), , corresponding to the Young diagram for which the i-th column consists of /.1; squares, are denoted by <111, /.12, ··-) and </.11> /.12, ··-)', respectively. **l By odd-row we mean a row consisting of an odd number of squares. where Dt (xh x2, · · ·, Xn) is a homogeneous polynomial of degree n in the q}a<Jt (xi)'s (a£=1,2, ···,p), such that Dt,(xhx2, ···,xn)JO) gives a particular vector in Jl<nJ which corresponds to the irreducible representation D and which is specified by the quantum number ~0 to be determined for each D. Needless to say, the label D is given for the gauge group 0 (p) by (a)' (a= 1, 2, ·· ·, p), and for the gauge group U(p) by those Young diagrams of n squares for which the first column consists of not more than p squares. It is then obvious that D also serves as a parameter to specify superselection sectors in Jl<nJ. We find further that an arbitrary state vector in gj<nJ, which belongs to one of the irreducible representations D and which is specified by the quantum number ~0 , is also a vector in Jl<nJ, which can therefore be obtained by applying n parafield operators to the vacuum state.
In the space gj<nJ, however, there exist in general those vectors I D, ~i,f) (i=FO) which belong to one of the irreducible representations D and which are different from (2 ·13). In connection with this let us first take the standpoint that all states of the total systems can be observed at least in principle. Then the gauge invariance of observables will make it absolutely impossible to observe the quantity ~. or to distinguish JD, ~0 ,/) from JD, ~i,f) (i=FO). Furthermore, gauge invariance also forbids any transition between states with different values of ~. and consequently the difference between the dimensions of gj<nJ and of Jl<nJ can never be observed ~ither. This implies that the total system, labelled by D, of the PF-field behaves in the same way as another· system of p identical fermi fields which belongs to· the irreducible representation space D. Now, the latter fields can also be interpreted as a single fermi field with a kind of hidden variable a(a= 1, 2, ·· ·, p), i.e., the F-field. Thus we see that for a given state of the total system of the PF-field, we can always find a corresponding state for the total system of the F-field, which gives the same results as the PF-field for all observations.
A question now arises as to whether the converse of the above statement is true. The answer is in the affirmative for the case of the gauge group U(p): As already mentioned, an arbitrary irreducible representation space of U(p) in 9JCnJ shares one and only one vector with Jl<nJ, so that when a state is given for the total system of the F-field, we can always find, for the total system of the PF-field, a corresponding state which leads us to the same results for all observations. On the other hand, in the case of the gauge group O(p) the situation is quite different: The irreducible representation spaces of 0 (p) in 9J<nJ have no intersection with Jl<nJ except for the case of (a)', and consequently when an arbitrary state is given for the total system of the F-field, we cannot always find a corresponding state for the total system of the PF-field. Using the terminology introduced in § 1 we may summarize the results as follows: The relation between the PFand F-fields is a strong (weak) equivalence for the case of the gauge group U (p) ( 0 (p) ). Within the general framework of parafield theory there seems to us to be no compelling reason for which observables should be restricted to functionals of [¢, ¢t] only, and both cases of the gauge groups will be treated below on an equal footing.
In the discussions developed so far we have been taking the standpoint that states of the total systems can be observed as a whole, and, for example, the state vector. (2 ·13) has been regarded as representing such a state. However, this is a very unrealistic standpoint, because it is obviously impossible to extend the range of our observation to the entire universe. What we can observe in practice are the physical conditions in a limited region of space, and not those on, for example, some distant stars which are so distant that the light emitted there has not yet reached the earth. Thus, if the PF-field were. to exist in nature, it would be possible for us to observe only its subsystems. For ordinary bosons and fermions, on the other hand, the presence of such particles in distant regions can be completely ignored, thanks to the cluster property, as far as the observations of local subsystems are concerned. Thus we shall examine in the following section whether the same property holds true for paraparticles. § 3. The cluster property and local equivalence
We now assume for simplicity that the number of parafermi particles under consideration is conserved, and that the total system .57' consists of n particles. Let .57' be devided into two subsystems .57' 1 and Yn which consist of n1 and nu particles, respectively, where n = n1 + nu, and let V 1 and Vn be the spatial domains which enclose .57' 1 and Yu, respectively. It is further assumed that Yn is sufficiently far away from .57' 1 which is now taken to be the object of our observation.
In field theory, an observable F(V) in a spatial domain V is given in general as an integral over V of a function containing the field operators ¢ (x) and ¢t (x) as arguments. The observables F(V1) for the subsystem .57'r, which we are now interested in, are of this kind. They must all be subject to the locality condition (1· 2), and hence have the gauge-invariant properties such as discussed in the previous section.
Corresponding to the division of the spatial domain into V1 and Vu, we may introduce a similar division for the F-field described by p fermi fields ¢<a) (x) (a=1,2, ···,p). Let 10)1 be the vaccum state on which the operators ¢<aJt(x) and ¢< 13 l(y) (x,yE F 1) act, so that ¢<al(x)I0) 1 =0 (xE V1). By applying n1 operators ¢<alt(x) (xE F 1) to 10)1 we can construct the Fock space gj<nn. Similar definitions are also introduced for Fn. Then the relation I 0) =I 0)1 ·I O)n holds, and g;<nJ, the Fock space for .57', can be 'obtained as a direct-product space of g;<nn and Here, D 1 is the quantum number specifying the irreducible representation spaces of the gauge group concerned, and ~1 is the quantum number which specifies a particular direction in the respective irreducible representation spaces. In order to completely label state vectors, they must be supplemented by f 1's which are taken to be eigenvalues of a set of commutable, gauge-invariant observables.
The operator (J)<nnt (D 1, ~r.fr) is a homogeneous polynomial of degree n1 in the operators ¢<a>t(x) (xE V1). On the other hand, the locality condition for the Ffield can be derived from (1· 2) in the following form:
for xe:Vu. The operator (f)<nmt on the left side of (3 · 4) is given as a homogeneous polynomial of degree nu in the operators ¢<a>t (x) (x E: Vn), so that (J)<nu>tl O)n is a vector in !JJ<nm.
Suppose that by measuring a maximal set of commuting observables for the PF-field in .9;, we obtain the quantum numbers D 1 andf1. Then, due to the locality condition (3 · 2) the state vector (3 · 3) in Jl<n> will be contracted to the following: where 1/ .JN is the normalization factor,· and (3·6) Since .L:;,; 1 (J)<nnt (Dr, ~r.fr) (f)<nn (Dr. ~r.fr) is a gauge-invariant operator, it can be expressed in terms of rjJ (x) and rpt (x). Thus, bearing (3 · 4) in mind we find that (3 · 5) is a vector in Jl<n>.
• By taking into account the gauge-invariance property of F(V1) and the locality condition (3 · 2), we obtain, using (3 · 6), the expectation value of F(V1) with respect to tl\e state (3 · 5) as follows: Suppose that in the case of p>3, n = 3, the state of the total system .9' is:
given by
which belongs to the irreducible representation Efl of S3, the symmetric group of particle permutations 2 b) for x~ y and z, and hence to the irreducible representation <2, 1) of U(p). When x, yE V1 and zE Vn, we find, apart from a normalization factor, that
which, together with which implies that the state (3·3), when observed in .9!, appears as a mixture of states. However, the usual probability interpretation, when applied to the above expression, must presuppose that states such as (3 · 3) can be repeatedly prepared for the total system .'7 or the entire universe, a highly unrealistic supposition. We believe, therefore, that it will be of no physical meaning to consider a mixture of states for .9! such as given above. (3 ·11)
Neither is it true that as a result of observations in .9';. the state (3 · 8) is contracted to (3 ·11): As already mentioned above, the former belongs to, the irreducible representation EP of Sa, whereas the latter consists of components belonging to the irreducible representations EP and § of Sa. Hence no transitions between such states can take place as a result of U(p)-invariant.observat ions.
In this way we find that as far as the observations of .the subsystem .9'; are concerned, we can effectively neg1ect the existence of the third particle in Yrr and treat th~ total system .? given by (3 · 8) as if it were a two-body system .9'; described by (3·10).*'
The fact that I Dr, ~rJr) for the F -field can be replaced in (3 · 7) by I Dr, ~ro.fr)
for the PF-field without changing the physical contents in Yr implies that the PF-and F-fields are in the relation of local equivalence. The situation is different, however, in the case of the gauge group 0 (p).
As an example, let us consider a Casimir operator C 2 of 0 (p yc' given by 
respectively .. However, the state vector (3 ·15) with eigenvalue 8p of C2 .does *> A similar consideration was made recently by Gray.5> not belong to A <"Il; because the space cJl or c.Jl<"Il consists only of the irreducible representation spaces <a)'. This means that if the result of measuring -C::2 for a two-particle system is found to be Sp, there must exist further parafermi .i' particles outside the system under consideration. In fact, for n = 3, z E Vn, we '
can construct such a state vector in cJl:
Here, it should be noticed that although both the state vectors (3 ·16) and (3 ·19)
are antisymmetric with respect to the interchange of x and y in Y"r, they represent states which are physically quite different. More generally, for a given state vector I Dr, ~r.fr) in .[B<"Il for the F-field we cannot always find a corresponding state vector I Dr, ~10,f1) in c.Jl<"Il for the PF-field. We prove next that in order for local equivalence to hold between the PF-and F-fields, given a value of nr, then there must exist in general a lower bound for n.
To study this problem let us suppose that a state of the F-field in .9;:, consisting of n1 particles, belongs to an arbitrary irreducible representation D 1 of 0 (p), and that a state of the PF-field in 2" is given by I <a)', ~0,f). For local equivalence to hold in such a case it is sufficient that the expression Is non-vanishing for an appropriately-chosen set of ~r, fr and f. We note in this connection that l<a)', ~0 ,f) is an antisymmetric tensor T[a,,a,, . .. ,a.J of rank a, where n is even (odd) for even (odd) a. Or, by putting a=O, n may be taken to be an even integer such that
The relation (3 · 21) or (3 · 21') shows that for local equivalence to hold there must exist a lower bound for n. However, if the parafermi particles exist in nature, we may naturally expect that the number n of parafermi particles contained in the total system Y, or the entire universe, will overwhelmingly exceed the number n1 of those particles contained in the subsystem .?r which is susceptible of our observations, and consequently that the above condition (3 · 21) or (3 · 21') will not impose any restrictions on a. realistic situation. Summarizing, we have proved, under the locality condition (1· 2), the cluster property of the PF-:field and the relation of local equivalence between the PFand F-:fields. § 4. Additional remarks
(i) The locality conditions
The preceding discussions have been based on th~ locality condition (1· 2) which· we have imposed on observables in general. Obviously, the condition (1·1) can be derived from (1· 2), but the converse is not true when p is even. It is for the following reasons that we have advocated in our previous papers 2 l to adopt (1· 2) rather than (1·1) as the locality condition: (a) The eigenvalue spectra of observables which satisfy (1·1) but do not satisfy (1· 2) depend on whether there exist further particles in distant regions. (b) When such an observable is chosen as the Ha~iltonian H, the Heisenberg equation of motion for the :field operator cp(x), i¢(x)=[cp(x),H], will be of a non-local form such that the time evolution of ¢ (x) will be affected by the physical conditions in far-off regions.
As an example of this kind, we studied previously a parafermi field of p = 2 with the following static Hamiltonian : 2 a)
which results in two kinds of particles with masses m ±g. *l Such a result, of course, is closely related with the above-mentioned f~atures (a) and (b), and in particular, the non-locality in the equation of motion makes it impossible to define uniquely the infield ¢in. When viewed from the conventional standpoint of quantum field theory the above results, including (a) and (b), seem to exclude the possibility of adopting (1·1) as the locality condition. It will be necessary, however, to examine more carefully whether the above-mentioned features (a) and (b) really introduce essential difficulties in the theory. The reasons for this are as follows. Firstly it will be sufficient if the in-states can be defined instead of the in-field. Secondly, we may allow the possibility that the field ¢ need not necessarily describe particles with a single mass.**l It may be expected then that *> If n particles are contained in the total system, [n/2] particles have mass m-g, and the rest of them have .mass m+q **> Thus, the field </! in this case does no longer describe identical particle the non-locality m the equation of motion will not directly show up in the measurement of observables as far as those observables satisfy the condition (1·1).
In fact, when the Klein transformation (2 · 4) is performed for this model, all observables including H turn out to satisfy the locality condition (3 · 2), and we have a theory with the gauge group SO (2) , the F ock space of which consists of the irreducible representation spaces 2 c) (0)' and (1)' <+l· The Hamiltonian H, after the Klein transformation, takes the following form:
which, when diagonalized, leads to two kinds of particles with masses m ±g.
We can then apply the same discussions as those given in § § 2 and 3 with the result that the parafermi field cjJ (x) possesses the cluster property and further that there holds the relation of weak and local equivalences between this field and the pair of fermi fields with masses m ±g. *l In this way we see that the present model, although satisfying the condition (1·1) only, does not lead to any essential difficulties due to the condition (3 · 2). The above discussions can be extended to more general cases of parafermi fields of even p.
' Recently Green has suggested to apply to leptons a similar model, 6 l in which the e-11. pair and v.-v" pair are assumed to be described by a charged and a neutral parafermi fields of p = 2, respectively. In such a case, however, the relativistic generalization of the formalism is not so straightforward as in the cases where the locality condition (1· 2) is satisfied. In fact, when observables in relativistic parafermi field theory do not satisfy the condition (1· 2), the vacuum state does not remain invariant under the Klein transformation. T~at is, the first relation in (2 · 5) does not hold due to the effect of particle-antiparticle pairs. Notwithstanding such a complication it is possible to construct a consistent, relativistic parafermi model of leptons. Detailed discussions on this model will be published elsewhere.
(
ii) The paraquark model
The possibility that quarks may obey parafermi statlstlcs of p = 3 was :6_-rst suggested by Greenberg in connection with -the SU(6) -symmetry of hadrons. 7 l Since p is odd in this case, the locality condition may be assumed to be in either of the forms, (1·1) or (1· 2). · If we adopt the standpoint, as commonly acs;epted in hadron physics, that all observables are made up of basic elements, i.e., those bilinear forms of currents of the field variables which conserve the quark number, then. we can immediately conclude from the locality condition that such basic elements are of the form [q, qt], where q denotes the quark field (the indices of spin, unitary spin, *l In this model also, the hidden variable a ( = 1, 2) ·cannot directly be observed, but its existence is reflected in the mass splitting. etc., have been omitted). According to the discussions in the preceding section, there holds the relation of strong and local equivalences between the quark field and a fermi field with a hidden variable that takes on three possible values, and all obvervables of the latter field remain invariant under the gauge group U(3) which acts on the indices related to the hidden variable. In the three-triplet model of quarks, 8 > on the other hand, a new SU(3)-symmetry must be assumed in addition to the ordinary SU(3) -symmetry. However, it is an interesting feature of the present model that the symmetry corresponding to the new SU(3)-symmetry can be derived as a consequence of the locality condition.*> In contrast with the three-triplet model, the fermi field with the hidden variable, representing the paraquark, has fractional electric charges, but the theoretical estimates, based on the last property, for the life time 10 The operator appearing in (A· 3) is then homogeneous in a<alt' and in b<aw separately, the degree of the latter operators being put equal to m(<n).
We now pay attention to one of the operators· b<alt' (k) appearing in (A· 3) and shift the operator to the rightmost position in each term, where it can be replaced by the following expression:
bt ( we can obtain a state vector in Jl, since all the factors S have already been expressed in terms of the· parafermi operators. Concerning the relation between the relativistic PF-and F-fields, we are led in this way to the same conclusions as in the non-relativistic case.
